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Motivation 1-1

S&P 500 Stocks

Sample S&P500 Components Cumulative Gain
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Figure 1: 50 random S&P 500 Sample Components’ Cumulative Return:
94% of stocks lost the value of the initial investment (thick red line)
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Motivation 1-2

Hedge Funds

A hedge fund is an "aggressively managed portfolio of investments
that uses advanced investment strategies such as leveraged, long,
short and derivative positions in both domestic and international
markets with the goal of generating high returns".

(] diversification - reduction of the portfolio risk
] construction - a more diverse universe of assets

[] allocation - a higher risk-adjusted return.
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Motivation 1-3

Hedge Funds

Sample Eurekahedge Hedge Funds Cumulative Gain
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Figure 2: 50 Eurekahedge Hedge Funds Indices’ Cumulative Return: 0%
of funds lost the value of the initial investment (thick red line)
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Motivation

Diversification

Return
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Figure 3: S&P 500 and Eurekahedge North America Macro Hedge Fund
Index monthly returns in 20050131-20121231
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Motivation 1-5

Traditional Assets/Hedge Funds

Hedge Funds us UK SW GER  JAP

Conv. arb. 0.10 0.08 0.07 0.10 -0.02
Dedic. sh. bias —-0.77 —-053 -0.33 —-0.46 -0.48
Fix. inc. arb. 0.10 0.13 0.01 0.08 -0.10
Glob. macro 0.30 0.19 0.10 0.27 -0.11
Man. fut. —-0.10 0.02 -0.09 -0.03 0.03

Table 1: Correlation statistics for traditional asset class and hedge funds’
indices; based on monthly data Jan. 1994 - Aug. 2001; table from Lhabi-
tant (2002, p.164)
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Motivation 1-6

Tail Risk
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Figure 4: Estimated density of S&P 500 returns
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Motivation

The TLND challenge

[ Tail dependence of assets
[] Large universe of financial assets: p > n
(] Non normality

[J Dynamic nature of distributions
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Motivation

TEDAS Objectives

(] Hedge tail events

» Quantile regression
» Variable selection in high dimensions

(] Improve Asset Allocation

» Higher-order moments’ optimization
» Modelling of moments’ dynamics
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TEDAS framework 2-1
Tail Events

(] Y € R" core returns; X € R"*P satellite assets’ returns, p > n

J

def 1

9:() & F(r) = xTA(r) = arg min Eyixpr(¥ — XB).

pr(u) = ufr = 1(u < 0)}

1 Ly penalty A\p||&T 8|1 to nullify "excessive" coefficients; A,
and & controlling penalization; constraining 8 < 0 yields
ALQR

hadapt . Al ~T
BN =arg min > pr(Yi = X[ 8) + Aall@ Bl (1)

1=
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TEDAS framework 2-2

TEDAS Step 1

Initial wealth Wy = $1, at t = /,...,n; | = 60 length of the
moving window
[ Portfolio constituents’ selection

1. determine core asset return Y, set 7+ = F,(Y;)

2. ALQR for Bn,A,. using the observations X € Rf~/+1-txp,
Y € Rt7/+1,...,t

3. if Yy <0, choose X;, j =1,...,p with Bﬂ,)\n <0;if Yy >0,
choose X;, j =1,...,p with Bn,/\n >0
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TEDAS framework

TEDAS Step 1
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TEDAS framework

TEDAS Step 2

(] Portfolio allocation

1. apply a one of TEDAS Gestalt to satellite assets X; to
determine w;

2. determine the realized portfolio wealth for t + 1:
Wip1 = We(1 + W' Xes1)
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TEDAS framework 2-5

TEDAS Gestalten

TEDAS gestalt Dynamics modelling Weights optimization
TEDAS Naive NO Equal weights

Mean-variance optimization

TEDAS Hybrid NO of weights @EEED

: DCC volatility CF-VaR optimization
TEDAS Basic o

Cornish-Fisher-CVaR
minimization @EEED
Expected utility optimization
[ > Details J

TEDAS Advanced | Time-Varying @EEED

TEDAS Expert Conditional Distributions
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Empirical Application 3-1

Hedge funds’ data

(] Monthly data
» Core asset (Y): S&P 500, Nikkei225, DAX 30, FTSE 100
> Satellite assets (X): 164 Eurekahedge hedge funds indices

[] Span: 20000131-20131031 (166 months)

(] Source: Bloomberg
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Empirical Application
German stocks’ data

[ Frankfurt Stock Exchange
(Xetra), weekly data
» Core asset (Y): DAX

~N

Cumulative Return
e
@

index

> Satellites assets (X): 125 . omx
stocks - SDAX (48), Teeonx
MDAX (47) and TecDAX 981z Febl3 e Marld May15

(50) as on 20140801
[J Span: 20121221 - 20141127
[] Source: Datastream
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Empirical Application

Mutual Funds’ Data

(] Monthly data
» Core asset (Y): S&P500
> Satellite assets (X): 583
Mutual funds
(] Span: 19980101 - 20131201

[J Source: Datastream

TEDAS - Tail Event Driven Asset Allocation
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Sample Mutual Funds' Cumulative Gain
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Empirical Application

Benchmark Strategies

RR: dynamic risk-return optimization

PESS: tail risk optimization

Risk-parity portfolio (equal risk contribution)
60/40 portfolio

il A
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Empirical Application 3-5
TEDAS with Y= S&P 500

Benchmark: S&P500
T

Portfolio Wealth
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Figure 5: Cumulative portfolio wealth comparison: TEDAS Expert,

TEDAS Advanced, RR, PESS, S&P 500 buy & hold; X = hedge funds’
indices' returns matrix
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Empirical Application 3-6

TEDAS with Y= Nikkei 225

Benchmark: NIKKEI225
T T

Portfolio Wealth
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Figure 6: Cumulative portfolio wealth comparison: TEDAS Expert,
TEDAS Advanced, RR, PESS, Nikkei 225 buy & hold; X = hedge funds’
indices' returns matrix
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Empirical Application 3-7
TEDAS with Y= FTSE 100

FTSE100
3 T T T
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Figure 7: Cumulative portfolio wealth comparison: TEDAS Expert,
TEDAS Advanced, RR, PESS, FTSE100 buy & hold; X = hedge funds’
indices' returns matrix
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Empirical Application 3-8
TEDAS with Y= DAX30

DAX30
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Figure 8: Cumulative portfolio wealth comparison: TEDAS Expert,
TEDAS Advanced, RR, PESS, DAX30 buy & hold; X = hedge funds’
indices' returns matrix
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Empirical Application

Histograms of §
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Figure 9: Frequency of the number of selected variables for 4 different Y
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Empirical Application 3-10
Selected Hedge Funds: S&P 500
Table 2: The selected hedge funds for S&P 500 benchmark
Top 5 influential hedge funds Frequency
Latin American Onshore Fixed Income Hedge Fund Index 19
Emerging Markets Dual Approach Absolute Return Fund Index 18
Large North American Hedge Fund Index 15
Europe Macro Hedge Fund Index 15
Asia Macro Hedge Fund Index 14
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Empirical Application

Selected Hedge Funds: Nikkei 225

3-11

Table 3: The selected hedge funds for Nikkei 225 benchmark

Top 5 influential hedge funds Frequency
Small Latin American Hedge Fund Index 22
Taiwan Hedge Fund Index 20
North America Top-Down Absolute Return Fund Index 16
Large North American Hedge Fund Index 15
Latin American Onshore Fixed Income Hedge Fund Index 15
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Empirical Application

Selected Hedge Funds: FTSE 100

3-12

Table 4: The selected hedge funds for FTSE 100 benchmark

Top 5 influential hedge funds Frequency
Small Latin American Hedge Fund Index 15
Europe Macro Hedge Fund Index 15
Latin American Onshore Fixed Income Hedge Fund Index 14
Asia Pacific Top-Down Absolute Return Fund Index 14
Latin American Fixed Income Hedge Fund Index 13
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Empirical Application 3-13
Selected Hedge Funds
Table 5: The selected hedge funds for DAX 30 benchmark
Top 5 influential hedge funds Frequency
Emerging Markets Dual Approach Absolute Return Fund Index 21
North America Macro Hedge Fund Index 19
Taiwan Hedge Fund Index 16
Asia CTA Hedge Fund Index 14
Europe Macro Hedge Fund Index 14

TEDAS - Tail Event Driven Asset Allocation



3-14

Empirical Application
Evolution of & and v,

Dynamics of &,t for S,
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Figure 10: Evolution of the skew and shape parameters for s4 in Table 77
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Empirical Applicati

on

Conditional Skewness and Kurtosis
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Figure 11: Evolution of the conditional skewness and kurtosis for s4
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Empirical Application 3-16

TEDAS: DAX results
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Figure 12: Strategies’ cumulative returns’ comparison (with transaction
costs 1% of portfolio value): TEDAS Naive, TEDAS Hybrid, TEDAS basic
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Empirical Application 3-17

TEDAS: DAX results
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Figure 13: Strategies’ cumulative returns’ comparison (with transaction
costs 1% of portfolio value): TEDAS Hybrid, DAX Buy-and-hold, 60/40,
Risk-parity, RR
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Empirical Application 3-18
TEDAS: Mutual Funds’ results
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Figure 14: Strategies’ cumulative returns’ comparison (with transaction
costs 1% of portfolio value): TEDAS Naive, TEDAS Hybrid, TEDAS basic

Q TEDAS_ strategit
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Empirical Application 3-19

TEDAS: Mutual Funds’ results
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Figure 15: Strategies’ cumulative returns’ comparison (with transaction
costs 1% of portfolio value): TEDAS Hybrid, DAX Buy-and-hold, 60/40,
Risk-parity, RR
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Conclusions 4-1

Conclusions

[] Hedge tail events
> Quantile regression for tail dependence estimation
» ALQR for asstes’ univerce's dimensionality reduction
[ Improve Asset Allocation
» Dynamic distribution structure of the portfolio
» VAR, CVAR and utility higher-order moments’ optimization

» Out-of-sample performance gain
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Technical Details 5-1
Notation

l?,,_l(r), where the log-returns edf is

Folr) & / fol(u) du = 12” (T,") IS
i=1

DaT:

—0o0

where 7(r) € (1/nh) S0, K{(r — 1)/},
H(x) = [*. K(u)du, K(-) is a normal kernel function, h
bandwidth

J ﬁAﬂ)\n are the estimated non-zero ALQR coefficients
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Technical Details 5-2

Lasso Shrinkage

Linear model: Y =Xg+¢; Y € R", X ¢ R™P, B € RP, {;},
i.i.d., independent of {X;;i=1,...,n}

The optimization problem for the lasso estimator:
Alasso :
= f
6 arg. min (8)
subject to  g(8) >0

where

(B =2~ XB) (v~ X)
g(B) =t — I8l
where t is the size constraint on ||3]1

TEDAS - Tail Event Driven Asset Allocation ————— |__=



Technical Details

Lasso Duality

If (1) is convex programming problem, then the Lagrangian is
L(B,A) = £(B) — A& (B).

and the primal-dual relationship is

minimize sup L(B, ) > maximize inf L(3, A
imize sup (8,A) = maximize inf L(5, )

[\

~~ v
primal dual

Then the dual function L*(\) = igf L(B,A)is

(y — XB)" XA

. 1 1A R
L'\ ==y y— iﬁTXTXﬁ —t i
1

2

with (y — XB3)"X5/[1BlL = A
TEDAS - Tail Event Driven Asset Allocation —————— %
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Technical Details

Paths of Lasso Coefficients

Coefficients
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Figure 16: Lasso shrinkage of coefficients in the hedge funds dataset exam-
ple (6 covariates were chosen for illustration); each curve represents a co-

efficient as a function of the scaled parameter § = t/|| 5|

1; the dashed line

represents the model selected by the BIC information criterion (§ = 3.7)
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Technical Details 5-5
Example of Lasso Geometry

5 9 1 1 12

s o2 -1 0 12 3

Figure 17: Contour plot of the residual sum of squares objective func-
tion centered at the OLS estimate 3° = (6,7) and the constraint region
> 1Bj| <t QMVAlassocontour
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Technical Details 5-6
Quantile Regression

The loss p,(u) = u{T — I(u < 0)} gives the (conditional) quantiles

_ def
Fy|i(7') = g-(x).
Minimize .
BAT = arg grggn ;pT(Yi - XiT/B)'
1=
Re-write:

L+ (1-7)1¢XB+E-¢=Y
minimize {1,¢+ (L= D)1 (X5+¢ ¢ =V}

with &, ( are vectors of "slack" variables @EEEEEIEETET
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Technical Details 5-7

Non-Positive (NP) Lasso-Penalized QR

The lasso-penalized QR problem with an additional non-positivity
constraint takes the following form:

minimize e+ (1 -1 ¢+ A1y
(6. B)ERT P xRe

subject to E—C=Y+XB,
§£=>0,
(>0, (4)
n> P,
n>-p,
Bzo, B _p

TEDAS - Tail Event Driven Asset Allocation ———————————— |_=&



Technical Details 5-8

Solution
- , . . . !
Transform into matrix (/, is p x p identity matrix; Epxn = < (’)’ ))
minimize ¢ x
subject to Ax=b, Bx <0

where A= (I, —l, 0 X ), b=Y.x=(& ¢ n 8),

E, 0 0 0

71, pxn
aln, 0 —Epn 0 0O
c=| V7 . B=| o0 o~ I
i 0 0~ —1,
P 0 o 0 I

TEDAS - Tail Event Driven Asset Allocation ———————— L=l



Technical Details

Solution - Continued
The previous problem may be reformulated into standard form

minimize c¢'x

subject to Cx =d,
x+s=u, x>0,5s>0

and the dual problem is:

maximize d'y—u'w
subject to CTy—W—l—z:c, z>0,w>0

TEDAS - Tail Event Driven Asset Allocation ———————— I|_=2_



Technical Details 5-10
Solution - Continued

The KKT conditions for this linear program are

Cx—d
X+s—u
F(x,y,z,s,w)={ C'ly—w+z—c p =0,
X0Z
sow

with y > 0, z > 0 dual slacks, s > 0 primal slacks, w > 0 dual
variables.

This can be solved by a primal-dual path following algorithm based
on the Newton method

TEDAS - Tail Event Driven Asset Allocation ———————————



Technical Details 5-11
Adaptive Lasso Procedure

Lasso estimates 3 can be inconsistent (Zou, 2006) in some
scenarios.

Lasso soft-threshold function gives biased results

Threshold Functions
10

——— Adaptive Lasso
Soft-Threshold

o N » @ ®

Function Value

b

s

rys

-8

~10 L L L
-10 -5 0 5 10
Coefficient

Figure 18: Threshold functions for simple and adaptive Lasso
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Technical Details

Adaptive Lasso Procedure

The adaptive Lasso (Zou, 2006) yields a sparser solution and is less

biased.

Ly - penalty replaced by a re-weighted version; &; = 1/]3}"“]7,
v =1, "t is from (3)

The adaptive lasso estimates are given by:

B = arg mmZ = X8 + M@ T B

init adapt

(Biihlmann, van de Geer, 2011): ;" =0, then 3;

TEDAS - Tail Event Driven Asset Allocation ————————— [|_==_



Technical Details 5-13

Simple and Adaptive Lasso Penalized QR

Simple lasso-penalized QR optimization problem is:

. o
Bra=arg ﬂrgglgp;pf(v, X' 8) + M Bl (5)

Adaptive lasso-penalized QR model uses the re-weighted penalty:

N

adapt . Xl ~T
ﬁr,A =arg Brg]ll&;pf(y, Xi' B) + Al@ Bl (6)

Adaptive lasso-penalized QR procedure can ensure oracle properties
for the estimator

TEDAS - Tail Event Driven Asset Allocation ————————— [|_==_



Technical Details 5-14

Algorithm for Adaptive Lasso Penalized QR

The optimization for the adaptive lasso quantile regression can be
re-formulated as a lasso problem:

[ the covariates are rescaled: X = (X; o Bint ... , Xpo Bg‘it);

[ the lasso problem (5) is solved:

5 . T
By = arg Bfg@,;pf(\ﬁ = X' 8) + AlBl

[ the coefficients are re-weighted as 3;";‘“ =frao Binit

TEDAS - Tail Event Driven Asset Allocation —————— /|
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Technical Details 5-15
Oracle Properties of an Estimator

An estimator has oracle properties if (Zheng et al., 2013):
[ it selects the correct model with probability converging to 1;

(] the model estimates are consistent with an appropriate
convergence rate (He, Shao, 2000);

[] estimates are asymptotically normal with the same asymptotic
variance as that knowing the true model

TEDAS - Tail Event Driven Asset Allocation ——————— L=l



Technical Details 5-16
Oracle Properties for Adaptive Lasso QR

In the linear model, let Y = X3 4+ ¢ = X' + X232 + ¢, where
X = (X', X?), X} e R™9, X2 ¢ R*(P—q), 5(11 are true nonzero
coefficients, 33_, = 0 are noise coefficients; g = ||3/o.

Also assume that Aq/y/n — 0 and A\/{,/qlog(nV p)} — oo and
certain regularity conditions are satisfied

TEDAS - Tail Event Driven Asset Allocation ————————— [|_==_



Technical Details 5-17
Oracle Properties for Adaptive Lasso QR

Then the adaptive L; QR estimator has the oracle properties
(Zheng et al., 2013):

1. Variable selection consistency:

P(B2 =0)> 1—6exp{_|mg('74\/p)}.

2. Estimation consistency: |5 — 3| = Op(1/q/n)

3. Asymptotic normality: ug def a’Ya, Ya € RY, |af < oo,
1/2, -1, Tral _ Aly £ (1- 7')7’}
n/cu ol (BT —5Y) = N{O,
q ( ) f2(,.y*)
where v* is the 7th quantile and f is the pdf of &

TEDAS - Tail Event Driven Asset Allocation ————— |__=



Technical Details 5-18
Selected Hedge Funds’ Strategies

1. Convertible arbitrage hedge funds focus on the mispricing of
convertible bonds. A typical position involves a long position
in the convertible bond and a short position in the underlying
asset.

2. Fixed income arbitrage hedge funds tend to profit from price
anomalies between related securities and/or bet on the
evolution of interest rates spreads. Typical trading strategies
are butterfly-like structures, cash/futures basis trading
strategies or relative swap spread trades.

3. Event-driven hedge funds focus on price movements generated
by an anticipated corporate event, such as a merger, an
acquisition, a bankruptcy, etc.

TEDAS - Tail Event Driven Asset Allocation ————— |__=



Technical Details 5-19
Selected Hedge Funds’ Strategies

4. Long/short equity hedge funds represent the original hedge
fund model. They invest in equities both on the long and the
short sides, and generally have a small net long exposure.
They are genuinely opportunistic strategies and could be
classified as "double alpha, low beta" funds.

5. Market neutral hedge funds seek to neutralize certain market
risks by taking offsetting long and short positions in
instruments with actual or theoretical relationships. Most of
them are in fact long/short equity hedge funds.

6. Dedicated short bias hedge funds are essentially long/short
equity hedge funds, that maintain a consistent net short
exposure, therefore attempting to capture profits when the
market declines.

TEDAS - Tail Event Driven Asset Allocation ————————————



Technical Details 5-20
Selected Hedge Funds’ Strategies

7. Emerging market hedge funds invest in equities and
fixed-income securities of emerging markets around the world.

8. Global macro hedge funds take very large directional bets on
overall market directions that reflect their forecasts of major
economic trends and/or events.

9. Managed futures hedge funds implement discretionary or
systematic trading in listed financial, commodity and currency
futures around the world. The managers of these funds are
known as commodity trading advisors (CTAs).

10. Multi-strategy hedge funds regroup managers acting in several
of the above-mentioned strategies.

TEDAS - Tail Event Driven Asset Allocation ————————— [|_=2_
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Technical Details 5-21

Traditional Assets/Hedge Fund Indices

Table 6: Correlation statistics for MSCI and hedge funds’ indices returns

MSCI Indices

Hedge Fund Indices WRD EUR US UK FR SW GER JAP PAC
Asia CTA —0.01 0.02 -0.02 —-0.06 0.01 —-0.09 0.04 -0.03 0.02
Asia Distressed Debt 0.30 0.30 0.24 0.31 0.31 0.26 0.27 0.26 0.34
Asia Macro —0.01 -0.01 -0.04 0.01 —0.02 0.07 —0.03 0.06 0.06
Global CTA FoF 0.02 0.08 —0.08 0.09 0.10 0.09 0.07 0.06 0.10
Global Event Driven FoF 0.65 0.59 0.58 0.66 0.59 0.50 0.57 0.47 0.67
Global Macro FoF 0.19 0.22 0.07 0.24 0.22 0.18 0.20 0.23 0.31
CTA/Managed Futures —0.04 0.02 -0.13 0.03 0.03 0.07 —0.01 0.04 0.05
Event Driven 0.82 0.75 0.75 0.78 0.75 0.64 0.75 0.62 0.83
Fixed Income 0.70 0.65 0.63 0.70 0.65 0.56 0.62 0.51 0.78
Long Short Equities 0.82 0.78 0.74 0.76 0.77 0.64 0.77 0.64 0.82
Asia inc Japan Distr. Debt 0.30 0.30 0.24 0.31 0.31 0.26 0.27 0.26 0.34
Asia inc Japan Macro 0.34 0.33 0.31 0.27 0.33 0.24 0.35 0.31 0.40

Calculations based on monthly data Jan. 2000 - Jul. 2012
WRD - World, EUR - Eurozone, FR - France, SW - Switzerland, PAC - Pacific ex. Japan
FoF means "fund of funds"

TEDAS - Tail Event Driven Asset Allocation ————————— [|_==_
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Technical Details 5-22
Risk-Return Asset Allocation

For random log-returns X; € RP:

min, op (W) ) Tewe
st. ppi(we) = rr, (7)
w1, =1,
wit >0

def ) .
where ¥, = Eeo1{(Xe — p)(Xe — )T}, Lt is modeled with a
GARCH model » Back to "Benchmark Strategies"
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Tail Risk Asset Allocation

Given portfolio returns X € R"*P, Bassett et al. (2004)
min ZPT Xi1 — Z(th = Xyj)Bj — «
(B,) TERP >
= (8)
s.t. w'j=rr,

wil, =1,

where w = w(B) = (1= 37,8, 87)", pr(u) = u{r —1(u < 0)},

A def ~7 ’ "
T E (07 ]_), n = X sample returns mean o Ene i e S
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Multi-Moment Utility Optimization

The (dynamic) investment decision: U(-) utility function; X; € R” log-returns,

. def def
w; weights, pp (w:) =w pop = E:—1(Xt), rr "target" return:

meanéEt_l (UMW)}, st pupe(we)=rr, w' 1,=1,w;: >0, (9)
we

P 1 o
Eeo1 {UW:)} = U{W.} + §U(2){Wt}aﬁ,t+

1 — 1 —
+3 UB{W.}Sw, + 2 U W I Kw,,

where W, def 4 + w, X; is the end-of-period t wealth, W, def E:—1 (W),
0'12/vt déf Ei1 {(Wt —Wt)Z}, SWt déf Ei 1 {(Wt —Wt)3},

Kw, € E._y {(We — W,)*}; U')(.) is the nth derivative of U()
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Utility Function Example

(1 CARA utility:
U(W) = — exp(—nW),

where 7 coefficient of risk aversion

[J then:

Ee1 {U(Wh)} = Er—1 {—exp(—nW;)}

o 72 773 i
~ —exp(—nW;) (1 + ? W ~ 3 —Sw, —|— KWt

» Back to "Strategies"
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Portfolio Moments

The porfolio moments:
U%Vt = WtTMEWt
Sw, = Wt—rl\/lts(wt ® W)
KW = W:Mf(Wt ® Wt &® Wt),
where ® Kronecker product,
def
M2 E (- i)

def
MEEEea{(re—p)(re—p) @ (re—p)"}
def

Mg = Eea{(re—p)(re—p) T @ (re—p) " @ (re— )"},

A dynamic distribution model is used to obtain M2, M3, M¢ in

(10), (11), (12)

TEDAS - Tail Event Driven Asset Allocation
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Dynamic Distribution Model

[J joint normality is questionable
[l possible persistence in the dynamics of moments
[J reaction of distribution parameters to past shocks

[] computational feasibility
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Descriptive Statistics

Table 7: Monthly returns of 3 Eurekahedge hedge funds’ indices

5-28

Japan Multi-Strategy  North America Fixed Income

Europe Arbitrage

Univariate statistics
Normality tests

JB 533775 (0.000)  294.089 (0.000) 610.407  (0.000)
KS 0.503 (0.000) 0.473 (0.000) 0.485 (0.000)
Omnibus 82.773 (0.000)  43.761 (0.000) 171.079 (0.000)
Dynamic conditional moments’ tests

ARCH 11.227 (0.000) 34.966 (0.000) 26.592 (0.000)
Bera-Lee 48.469 (0.000) 36.475 (0.000) 40.783 (0.000)
Bera-Zuo 203723 (0.000)  20.149 (0.166) 421847  (0.000)
Multivariate statistics

Test

Omnibus 326.226 (0.000)

Mardia 301.199  (0.000)

Henze-Zirkler 9.862 (0.000)

Standard errors and p-values are given in parentheses.
ARCH, Bera-Lee and Bera-Zuo stand for the test statistics of the ARCH test by Engle (1982) and

information matrix tests for testing variation in second, third and fourth conditional moments
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Generalized Hyperbolic (GH) Distribution

A vector X has a multivariate GH distribution if

X =pu+Ws+VWAZ, (13)
where
(i) Z~N(0, )
(i) A€ RIxk
(iii) u, 6 € RY
(iv) W >0, scalar-valued random variable, independent of Z,

W ~ GIG(\, «, 3); GIG is the generalized inverse Gaussian
distribution
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Multivariate Affine GH Distribution

[J margins of the (MGH) distribution not mutually independent
for some choice of ¥ = AAT

[] MAGH distribution, Schmidt et al. (2006), models margins
and dependency independently

Y ~ MAGH(\, o, B, i1, X) if
(i) X =(X1,...,Xq)", Xi ~ GH(0,1,0;,;), i =1,...,d
(i) Y = AX + pu, AAT = X positive definite

TEDAS - Tail Event Driven Asset Allocation —————— |__=



Technical Details 5-31
Normal Inverse Gaussian (NIG) Distribution
[ obtained from the GH distribution with A = —0.5
[J "semi-heavy tails" property: fits financial data well

The density is written as:

ki {a/+ (x = )}
P+ (x—p?

where 0 < |B] < a, § > 0, Kj is the modified Bessel function of
the third kind and order 1

fnig (x) *eXP{CsmﬁLﬁ X—p }

Location-Scale Property: let @ 4 5o and B:g 03, then
X ~ NIG(@, B,1,6) < (X — u)/6 ~ NIG(, 5,0, 1)
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Choice of the Matrix A

[] assume X = As, X random signal generated by another
random vector s = (si,...,Sq), S; statistically independent,
i=1,...,d and a mixing matrix A, both unknown

[] the independent component analysis (ICA) technique separates
source signals s from a set of mixed signals X without or with
very little aid of information about f or the mixing process A

[] ICA estimates A and s by maximizing the nongaussianity of
linear combinations of X
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The Model for Portfolio Returns

[] assume ¢; = As;, Ecy =0, EatEtT =14, Es; =0, EststT =1y

[ define E(s¢|F¢) =0, D def E(ses, \]—'t) = dlag(dlt, ooy dyr)

[] let Zjt ~ NIG(a,’t,/B,'t, 07 1), then Sit ~ NIG(a,’t/\/ d,'t,Bit/\/ dl'ta
07 V dit)

[0 MANIG: multivariate affine normal inverse Gaussian
distribution

(1 model for portfolio returns ry = m; + &4,
re| Fe ~ MANIG(mt,Zt,wt) where w; = (wi¢, ..., wq) ! and
wit = (i, Bie) T, i=1,...,d, X; = M? = AD: AT, di can be
modeled as GARCH-type processes
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Moment Dynamics

(] reparametrize the model to have asymmetry and shape

2 2

parameters &ip = Bie /e, Vie = \/ o5 — B

[J introduce asymmetric GARCH-like dynamics:

Vie = ai,0 + a1 |Si,e—1| Nije—1 + 377_1|5i,t71’Pi,t71 +aj oVt
(14)

§ijt = bio+ b;ySie—1Nje—1 + b;t_lsi,t—lpi,t—l + bi2& -1,
(15)

where N,‘yt = |(Z,'7t § 0), Pi,t =1- Ni,t

TEDAS - Tail Event Driven Asset Allocation ———————— | =22
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Portfolio Moments

M} =AM (A2 A)', M}=AMZ(A®AxA)"
where

p

3 s

Mst = Etfl(si,tsj,tsk,t) = E dir,tdjr,tdkr,tSkrt
r=1

M4 = Et—l(Si tSj,tSk,tSI t)
= Z dir tdjr tdkr edir tkurtrt + Z Z wrs ts
r=1 s#r
Yrs,t = dir tdjr tdis ¢ dis ¢ + dir 1 djs ¢ dir ¢ dis ¢ + dis ¢ djr 1 dir ¢ s 1,

Dtl/2 = (djj,t)ij=1,...p Sk, kurt;, are obtained with aj¢, i
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Conditional VaR (CVaR) Optimization

Given a > 0.5 confidence level,

min CVaRa (we), st pp.e(we) = r7, we 1, =1, w,e >0, (16)
1 *
CVaR,(w;) = _mqa(wt)ap,t(wt), (17)

where (via Cornish-Fisher (CF) expansion):

qz:*(m):{”Sp’tﬁ(wt)zw+ Koolw) gz 1y = 2z plogen,

24
(18)
where a* % 1 _ o CEEITEETD
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The Orthogonal GARCH Model

[0 X:; matrix of asset returns, '} = By € RP*P matrix of
standardized eigenvectors of nletTXt ordered according to
decreasing magnitude of eigenvalues

C Fe =P def X:[+ matrix of principal components of X;

[J keep the first k most important factors f, introduce noise u;,
then i = j1f1 + bjzf2 +...+ bjkfk +u;or Yy = FtBtT + U

[J then X, = Var(X;) = Var(F;B," ) + Var(U;) = B:A:B," + Q,
A; = Var(F;) diagonal matrix of principal component
variances at t: can be separately modeled by univariate
GARCH processes

TEDAS - Tail Event Driven Asset Allocation ————— |__=



Technical Details 5-38
Dynamic Conditional Correlations Model

Assume: r¢|Fi—1 ~ N(0, D;R:D;), where

D? = diag(w;) + diag(a;) © re_1r, ; + diag(8;) ® D2 4,

€ = Dt_lrt,

Q=So0wm" —A=B)+AG{P:_16t 16, Pi1} +B® Q:i_1,
Re = {diag(Q:)} ' Q:{diag(Q:)}

where ry, p x 1 vector of returns t, D; is an p x p diagonal matrix
of standard deviations ojs, i = 1,...,p, &+ p X 1 vector of

. . def
standardized returns with €;; = ri;0- ~, 1 vector of ones;

it
P:_4 def {diag(Qt)}l/Z, wj, aj, Bi, A, B coefficients, ® Hadamard
product
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The DCC Model - Continued

[ correlation targeting gives S = (1/T) 2;1 £1€]

(] provided that Qp = 5050T is positive definite, each subsequent
Q: will also be positive definite

[J the procedure yields consistent but inefficient estimates: the
log-likelihood function

.
1
L(0,¢) = -5 Z {nlog(27r) + 2log | D;| + log |R:| + 5tTRt_1€t} ,

t=1

where 0 denotes the parameters in D and ¢ denotes
additional correlation parameters in R, is maximized by parts
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The DCC Model - Continued

The log-likelihood is rewritten:

L(0,¢) = Lv(0) + Lc (6, 9),
where the volatility part is the sum of individual GARCH likelihoods
jointly maximized by separately maximizing each term
T

1
Lv(0) = =5 {nlog(2m) + log | Di[ + r D 2r,}

t=1

T d .2
= 7% Z Z {Iog(27r) + log(0%) + U’;} ;

t=1 i=1 it
and the correlation part is
1 T
T p—1 T
Le(0,6) = 5 Y {log|Rel + ] Riter — el et}

t=1
TEDAS - Tail Event Driven Asset Allocation ————————— [|_=2_
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Cornish-Fisher VaR Optimization

The alternative asset allocation (Favre, Galeano, 2002)

minimize ~ Wi {—qa(w:) 'Up(Wt)}
weRd

subject to w, 1= pip, w'1=1, w;; >0

here W; def W - Hjt;i WtT_j(l + re—j), w, W initial wealth,

Ug(w) def w, T ews,

Sp(w) Kp(w) Sp(w)?
6 24 36

here S,(w) skewness, K,(w) kurtosis, z, is N(0,1) a-quantile If
Sp(w), Kp(w) zero, then obtain Markowitz allocation

def
Go(w) = za+(22-1)

+(z2-32,) —(223-52z,)
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Risk Parity (Equal risk contribution)

Let o(w) = Vw'Zw. Euler decomposition:

=3 ot = 3w

i=1 !

o(w) .

where 8\:‘/’, is the marginal risk contribution and o;(w) = w; 6(‘:'//)

the risk contribution of i-th asset. The idea of ERC strategy is to
find risk balanced porfolio, such that:

i.e. the risk contribution is the same for all assets of the portfolio
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60/40 allocation strategy

60/40 portfolio allocation strategy implies the investing of 60% of
the portfolio value in stocks (often via a broad index such as
S&P500) and 40% in government or other high-quality bonds, with
regular rebalancing to keep proportions steady.
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Portfolio Skewness and Kurtosis

Skewness Sp and excess kurtosis Kp are given by moment
expressions

Sp(w) = (ms — 3momy +2m3)

1
73w
1

KP(W) = (m4 —4dmsmy + 6m2m% + 3m‘1‘) -3

75 (w)

where portfolio non-central moments also depend on w:
my = up(w) def w'p
mp = 0,23 + m%
d d
m3 = Z > wiwwiSiie
i=1 j=1 k=1
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Portfolio Skewness and Kurtosis - Continued

d d
me= >SS0S

i=1 j=1 k=1 I=1

where 0’,23(W) =w'Zw and Sijk = E(ri x rj x ),
Kijt = E(r; % rj X i x r;) can be computed via sample averages
from returns data.

Sijk, Kijii determine the d-dimensional portfolio co-skewness and
co-kurtosis tensors

def dxdxd
S = {Sjk}ijk=1,.d € RI

def dxdxdxd
K = {Kijxi}ijki=1,.4 €ER :
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Regularity Conditions for Adaptive Lasso QR
Al Sampling and smoothness: Vx in the support of X;, Vy € R,
e (Y1), £ € CHR), [y (vIX)] < F. |Fy, 5 (vl < F's 3,
such that fy; x.(x B7x) > f >0
A2 Restricted identifiability and nonlinearity: let 6 € RP,
T C {0, 1, ...,p}, &7 such that 57’1' = 5j ifjeT, (57'1' =0if
j€T; T=1{0,1,...,s}, T(6,m) C {0,1,....p}\ T, then
dm >0, ¢ > 0 such that
STE(X:X.")o N 332 c E[1X;T6]2]3/2
n — 5> y — n — == y
5€A.870 (|07 7 (5. m 12 gf deAs#0 E[|XT5]3)

def
where A = {5 € RP: H(STCHI < CH5TH1, HéTCHO < n}
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Technical Details

Regularity Conditions - Continued

A3 Growth rate of covariates:

g {log(n v p)}2*

—-0,n>0

A4 Moments of covariates: Cramér condition
E[|x;|] < 0.5C,M*2k!

for some constants C,, M, Vk >2,j=1,...,p

A5 Well-separated regression coefficients: 3bg > 0, such that
Vi <aq, |Bj] > bo
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Proof of the CF-CVaR Expansion 1

Define the Cornish-Fisher expansion:

def
Qo= 21 a+(Z o—1)s+(z_,—321_0)k— (221, —521_4)s>,

def

where s & S5/6, k = K/24, S and K are skewness and excess
def

kurtosis, respectively; z;_o = ®~1(1 — ).

Re-write:
Qi =40+ a1721_o + a2212,a + a3zl3,a, (19)

where ag = —s, a1 =1 — 3k +5s°%, ap = s, a3 = k — 25°
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Proof of the CF-CVaR Expansion 2

Define the conditional Value-at-Risk (CVaR) or expected shortfall (ES):

def 1 !
CV Ra = fa/ Vaqu q,

def

where VaR, = -0 Y(a)ov/T
Observe:
CVaRa_—if U\qu
_ oVT [y
Ty <I> (w)dg
oVT [~
~Tia) up(u)d u,

where (22) follows from the change of variable: v =z, = ®7!(q)

TEDAS - Tail Event Driven Asset Allocation
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Proof of the CF-CVaR Expansion 3
Substitute (19) into (22):

CVaR, = — ‘l’ﬁ

(20 + a1z + 222° + 232°) p(2)d z

= aoAo + a1A1 + a2A2 + a3As,

oVT [TZ

Ao =— o(z)dz=—oVT,
l—a /_o
ovT [~ oV'T
=2 zo(2)dz = T o(za),
—a ) .
Ay = — ov/'T 2o(z)dz=—oVT P(za)za +1),
l—a /_o 1-«
oV T [~ U\F
A= =T [ )z = TV (22 4 2)p(za).
Collecting terms and simplifying gives the desired result. O
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